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Abstract
We show in this paper how to represent intrinsically &Cech homology of compacta, in terms
of inverse limits of discrete approximations. We establish some relations between inverse limits
and non-continuous homotopies and, as a consequence, we get a strong form of the classical
continuity property of &Cech homology. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: 55N05
1. Introduction
&Cech homology is a topological theory of global nature, in the sense that it is little
a;ected by the local properties of spaces, in contrast with singular homology, which
tends to misrepresent the global properties when the considered spaces are locally
complicated. One of the drawbacks of &Cech homology, as well as of other global
theories in topology, is that its formulation is not intrinsic, since it depends on certain
representations of the spaces as inverse limits of simplicial complexes or on embeddings
of spaces in convenient ambient spaces, like Euclidean spaces, manifolds, the Hilbert
cube, etc.
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Recently, with occasion of a workshop on the Conley index celebrated in Warsaw,
some speakers expressed their feeling that it would be very useful to have some kind
of discrete or @nite approximations to &Cech homology which might serve as a model
to develop computer-assisted methods which can be used in topological dynamics (see
[12,15], for examples of this kind of techniques).
The aim of this paper is twofold. First, we prove that the &Cech homology groups are
in fact inverse limits of certain homology groups whose elements are represented by
cycles consisting of @nite sets of points. In this sense, we can say that &Cech homology
groups can be @nitely approximated. Second, our presentation gives an intrinsic char-
acterization of &Cech homology, eliminating all the external elements, like embeddings,
inverse sequences of simplicial complexes, etc. Internal characterizations of this kind
already exist in shape theory which is another global theory of homotopic character
[6,13,9,3].
Our point of view owes much to the ideas expressed by Klee and Yandl in their paper
[11] where they present some concepts of proximate nature in Topology that they think
are natural in connection with the mathematical modelling of physical problems. An
application of these ideas was presented by Klee [10] in connection with the stability
of the @xed-point property. These ideas were also used in [14].
An important feature of our construction is that it satis@es a continuity property that
is stronger than the usual one in &Cech homology (see Theorem 4). As an application of
this continuity property, we prove a Vietoris-like theorem for &Cech homology, stronger
than the classical Vietoris theorem.
The reader is referred to the book [5] by Eilenberg and Steenrod and to the original
papers of &Cech [2] for information on &Cech homology.
2. The discrete homology groups H∗
Let f :X → Y be a function between compacta. Let a positive number  be given.
We say that f is -continuous if there is a ¿ 0 such that d(f(x); f(x′))¡ whenever
x and x′ are points in X with d(x; x′)¡.
Remark 1. Our de@nition of -continuity is slightly di;erent from that which is usual
in the literature. However, since we are dealing with compacta, this de@nition will help
to simplify the exposition.
Given a compact metric space X , a q-dimensional -simplex in X is an -continuous
map  :q → X such that im  is @nite. We de@ne Sq(X ) to be the free commutative
group generated by all the q-dimensional -simplexes in X . It is possible to de@ne
a notion of boundary operator @ : Sq(X ) → Sq−1(X ), exactly in the same way as for
singular simplexes, and to derive from it the concept of q-dimensional -homology
group of X; Hq(X ). A similar notion can be introduced for pairs (X; A), where A is a
closed subset of X . If ′ ≥ , there is a natural homomorphism i′ :Hq(X ) → H
′
q (X )
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in such a way that (Hq(X ); i′) is an inverse system over the set of indexes R+.
We denote by H∗q (X ) the corresponding inverse limit. A similar de@nition can be
established for pairs (X; A).
If f :X → Y is a continuous map, there is an induced homomorphism f∗ :H∗q (X )→
H∗q (Y ) de@ned in the following way: If 
∗ = ([])∈R+ is an element of H∗q (X ) then
f∗(∗) = ∗ = ([])∈R+ , where  = Sq(f)() for a ¿ 0 such that f maps -close
points to -close points. In the former expression, Sq(f) is the natural homomorphism
Sq(f) : Sq (X ) → Sq(Y ). It is easy to see that this de@nition is independent of the
particular  associated to  as long as the choice is made in the indicated way. It is also
clear that f∗ is the limit of a suitable map of systems (Hq (X ); i′) → (Hq(Y ); i′ ; ).
A similar de@nition can be given for pairs. There are more general situations in this
paper in which homomorphisms induced by maps will be clear from the context.
With the former de@nitions we obtain a homology theory verifying all the Eilenberg–
Steenrod axioms except the axiom of exactness, that must be replaced by partial exact-
ness, where a sequence · · · → Ai fi→Ai+1 fi+1−→Ai+2 → · · · is partially exact if fi+1fi =0
for every i. The proof of this fact is straightforward and we limit ourselves to making
a couple of remarks. The proof of the homotopy invariance follows the pattern of, for
instance, [7, Chapter 11]. If f; g :X → X ′ are homotopic maps and H is a homo-
topy connecting them then, for every ¿ 0 take a ¿ 0 such that H maps -close
points to -close points. Then f and g induce homomorphisms between Hq (X ) and
Hq(X
′) that are coincident. This is proved by constructing a prism operator P : Sq (X )→
Sq+1(X × I) in the following way. Let  be a -simplex  :q → X . Take a partition
0 = t0 ¡t1 ¡t2 ¡ · · ·¡tn = 1 of the interval I such that ti − ti−1 ¡=2 for 1 ≤ i ≤ n
and de@ne the map j : I → I by j([ti−1; ti))= ti−1 for 1 ≤ i ≤ n−1 and j([tn−1; tn])= tn.
Now, consider the induced map Sq+1( × j) : Sq+1(q × I) → Sq+1(X × I) and de@ne
P() = Sq+1( × j)P(q). Here P(q) is the chain in Sq+1(q × I) obtained by the
action of the classical prism operator on the identity singular simplex q :q → q.
The di;erence with the usual construction is that we use the map j : I → I instead
of the identity in order to ensure that the images of simplexes by  × j are @nite.
The rest of the proof is exactly the same as that in the mentioned reference. Now,
since f and g induce the same homomorphism Hq (X )→ Hq(X ′) for every ¿ 0, we
obviously have that f∗ and g∗ are the same homomorphism H∗q (X ) → H∗q (X ′). We
remark that the @rst part of the proof applies to maps f; g :X → X ′ which are only
-continuous and -homotopic. For these maps there is a 0 ¿ 0 such that the induced
homomorphisms Hq (X ) → Hq(X ′) are the same for every  ≤ 0. This situation and
other related with this shall appear in the sequel.
The proof of the excision axiom can also be modelled on the proof of the corre-
sponding result in [7, Chapter 15]. If U is an open subset of X with NU ⊂ OA, then let
 be the Lebesgue number of the covering V = {X \ NU; OA} of X . If ¡=2, every
simplex  in Sq(X ) can be subdivided r times in such a way that Sd
r is a linear
combination of -simplexes small of order V. Then an argument similar to the one
in the mentioned reference proves that the inclusion (X \ U; A \ U ) ,→ (X; A) induces
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an isomorphism Hq(X \ U; A \ U ) → Hq(X; A) for every q. Since this happens for
a co@nal subset of indexes we have that the inclusion also de@nes an isomorphism
H∗q (X \ U; A \ U )→ H∗q (X; A).
3. An isomorphism with singular homology
In our @rst theorem we shall prove that the homology H∗ is naturally equivalent to
the singular homology over the class of simplicial complexes.
We will construct a natural isomorphism between the homology groups H∗(X ) and
the singular homology groups. This will be based in the notions of similarity and
closeness of chains: Two singular cycles = a11 + a22 + · · ·+ arr and ′ = a1′1 +
a2′2 + · · · + ar′r ; ; ′ ∈ Zq(X ) are similar if a11 + a22 + · · · + arr is a cycle in
X × X , where i :q → X × X is de@ned by i(x) = (i(x); ′i(x)).
Two chains = a11 + a22 + · · ·+ arr and ′= a1′1 + a2′2 + · · ·+ ar′r are -close
if d(i; ′i)¡, for every i.
We shall need before an auxiliary result on approximation of noncontinuous maps
by continuous ones.
Lemma 1 (Approximation-Extension Lemma). Let L be a compact ANR (in partic-
ular a simplicial complex). Then for every ¿ 0 there is a #¿ 0 such that if X0 is
a compact subset of a compactum X and f0 :X0 → L is #-continuous; g0 :X0 → L is
continuous and d(f0; g0)¡# then; if f0 admits a #-continuous extension f :X → L
we have that g0 admits a continuous extension g :X → L with d(f; g)¡.
Proof. By Borsuk [1, Theorem 3:1, p. 103] there is an ¿ 0; ¡, such that if
h0; h′0 :X0 → L are continuous and d(h0; h′0)¡, if h0 admits a continuous exten-
sion h :X → L then h′0 admits a continuous extension h′ :X → L with d(h; h′)¡=2.
By [8], there is a #¿ 0; #¡=2, such that every #-continuous map l :X → L ad-
mits a continuous =2-approximation l′ :X → L. To de@ne the approximation, we can
suppose that L is embedded in the Hilbert cube, Q. Since L is an ANR, there ex-
ists a neighborhood V of L in Q, a retraction r :V → L and an )¿ 0 such that
d(r(z); r(z′))¡=2 for every z and z′ in V with d(z; z′)¡). We can suppose that
) also satis@es that, whenever y1; y2; : : : ; yk are points in L with d(yi; yj)¡) for
every i; j ∈ {1; 2 : : : ; k}, then all the points of the form ∑ki=1 -iyi (with ∑ki=1 -i = 1)
are contained in V . Consider #¡min{)=2; =2} and choose a @nite open covering
{U1; U2; : : : ; Un} of X such that diam(l(Ui))¡#, for every i ∈ {1; 2; : : : ; n}. De@ne
-i :X → R by -i(x) = d(x; X \ Ui)=
∑n
j=1 d(x; X \ Uj) and @x, for every i a point
xi ∈ Ui. Then the map l′ :X → L de@ned by l′(x)= r(
∑n
i=1 -i(x)l(xi)) is a continuous
=2-approximation of l.
Suppose now that f0 :X0 → L is #-continuous, and that f0 admits a #-continuous
extension f :X → L. There exists f′ =2-approximation of f. Then, if g0 :X0 → L
is continuous and d(f0; g0)¡#¡=2 we have that d(f′|X0 ; g0)¡ and, since f′|X0
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admits an extension, g0 admits an extension g :X → L with d(f′; g)¡=2. Hence,
d(f; g) ≤ d(f;f′) + d(f′; g)¡=2 + =2¡.
We are now in a position to prove the following.
Theorem 1. For every simplicial complex L there exists an isomorphism ’L :H∗q (L)→
Hq(L) such that if f :L → M is a map into another simplicial complex M then the
diagram
H∗q (L)
f∗−→ H∗q (M)
’L
 ’M
Hq(L) −→
Hq(f)
Hq(M)
is commutative.
Proof. First, we show that there exists an 0 ¿ 0 such that every two singular cycles
in L (of arbitrary dimension)  and ′ which are similar and 0-close are homologous.
To prove this, consider L embedded in an Euclidean space E. Take a neighborhood
U of L in E such that there exists a retraction r :U → L, and select an 0 ¿ 0
such that if x; x′ ∈ L and d(x; x′)¡0 then the segment [x; x′] is contained in U .
If  = a11 + a22 + · · · + arr and ′ = a1′1 + a2′2 + · · · + ar′r with i; ′i :q =
〈E0; E1; : : : ; Eq〉 → L consider ˆi :q× I → U de@ned by ˆi(x; t)= (1− t)i(x)+ t′i(x),
and uj: q+1 = 〈E0; E1; : : : ; Ej; : : : ; Eq+1〉 → q × I de@ned by the linear isomorphism
〈E0; E1; : : : ; Ej; : : : ; Eq+1〉 → 〈E0; E1; : : : ; Ej; E′j; : : : ; E′q〉
respecting the ordering of the vertexes (where Ei ∼ Ei × {0}; E′i ∼ Ei × {1}). We
de@ne !i =
∑q
j=0 (−1)jˆiuj and != a1!1 + · · ·+ ar!r . Then @!= ′ −  (in U ) and,
since L is a retract of U;  and ′ are homologous in L.
We see now that, given this 0 ¿ 0 there exists a 0 ¿ 0 such that every q-dimensional
0-chain  in L has a singular 0=3-approximation  satisfying:
1. If  is a 0-cycle then  is a cycle similar to .
2. If  is a boundary, so is .
To show this, consider a (@nite) sequence 0=3¿1 ¿2 ¿ · · ·¿q+1 such that each
pair of consecutive terms plays the role of (; #) in the lemma. Take 0 = q+1. If
= a11 + a22 + · · ·+ arr is a 0-chain, we shall de@ne a singular chain = a11 +
a22 + · · ·+ arr , @rst in the vertexes by i(Ej) = i(Ej) (where = 〈E1; : : : ; Eq〉). To
de@ne i|〈Ej;Ek〉; take an q-approximation of i|〈Ej;Ek〉 (extending the previous values of
i in the vertexes) in such a way that if i|〈Ej;Ek〉 agrees with l|〈Es;Et〉 (meaning by
this that
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is commutative) then i|〈Ej;Ek〉 agrees with l|〈Es;Et〉. We can progressively use the
lemma to extend i to higher-dimensional skeleta of  in such a way that the coinci-
dences between i and l are preserved by i and l (in the sense stated before). At the
end, we obtain a chain  that 1-approximates . Since  keeps all the coincidences in
 (1) is obvious. Moreover, every two approximations of a 0-cycle constructed in this
way are similar. To verify (2), suppose that = @4, where 4 is a (q+1)-dimensional
0-chain. Then, if we approximate 4 (using the same sequence {i}) we get a singular
chain 5 such that @5 is an 0=3-approximation of . Then @5 and  are similar and
0-close and, as a consequence, they are homologous. This proves (2).
Several variants of this construction (including approximations in the opposite sense)
will be used in the sequel without giving explicit details.
Suppose now that ∗=([])∈R+ , with [] ∈ Hq (X ), is an element of H∗q (X ). We
de@ne ’L(∗) = [], where  is the 0=3-approximation of 0 constructed before. We
remark that [] is independent of the actual 0 ¿ 0 and 0 chosen (as long as they
satisfy the properties required in the construction), and of the representative of [0 ].
In particular, 0 can be replaced by a smaller number.
By construction, ’L is a group homomorphism. We give a sketch of the proof that
’L is bijective, leaving the details to the reader.
Suppose that ’L(∗)=0. If we @x an arbitrarily small ¿ 0, we have that for almost
every ;  admits a singular =3-approximation  ∈ Sq(L) (depending on ) which
is nullhomologous, i.e., it is the boundary of a singular (q+ 1)-chain 5. We can now
take a convenient approximation 4 ∈ Sq+1(L) of 5, such that @4 = . Hence,  is
an -boundary for almost every . Since  is arbitrarily small, this implies that ∗ = 0
and ’L is injective.
To prove the surjectivity, consider [] ∈ Hq(L). Then we can @nd progressively
closer approximations  ∈ Sq (L), of , such that ∗ = ([])∈R+ is an element of
H∗q (L) and such that ’L(
∗) = []. Hence, ’L is surjective.
The commutativity of the diagram in the statement of the theorem can be easily
checked.
4. Continuity properties
In the sequel, we shall prove a continuity property for the homology H∗. In order
to prove it, we shall need several properties of noncontinuous maps and homotopies
in relation with inverse limits that we establish in the following result.
Theorem 2. Let X = (Xn; pmn ) be an inverse sequence of compact metric spaces and
X = lim← X . Then X satis;es the following condition:
For every compactum Y and for every -continuous map f :X → Y there is an n ∈
N and an -continuous map g :Xn → Y such that gpn is -homotopic to f (pn :X → Xn
is the projection). Moreover; if g; h :Xn → Y are -continuous maps such that gpn is
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-homotopic to hpn then; for some m ≥ n; gpmn is -homotopic to hpmn . This result also
holds if we consider -continuous maps and -homotopies with ;nite images.
Proof. Consider the space X ∗ de@ned as the disjoint sum of X and Xn; n ∈ N, provided
with a topology whose basis is given by all open sets Vn⊂Xn; n ∈ N, and all the sets
of the form V ∗n =
⋃
m≥n((p
m
n )
−1(Vn)∪p−1n (Vn)): X ∗ is a compact metrizable space and
X and Xn as subspaces of X ∗ retain their original topologies. This space has been often
used in shape theory (see [4]). We shall consider in the rest of the proof the space
X ∗ endowed with a @xed metric d. Then, it is easy to see that for every ¿ 0 there
is an n ∈ N such that for every m ≥ n the maps pm :X → Xm⊂X ∗ and the inclusion
i :X ,→ X ∗ are -close (see [4]).
Let f :X → Y be an -continuous map. We claim that there exists a closed neigh-
borhood V of X in X ∗ and an -continuous extension f′ :V → Y . In order to prove
it, consider a ¿ 0 such that d(x; y) ≤  ⇒ d(f(x); f(y))¡. Let V be the set
of all points v ∈ X ∗ with d(v; X ) ≤ =3. We de@ne f′ :V → Y by the expres-
sion f′(v) = f(x), where x ∈ X and d(v; x) = d(v; X ). Then, if d(v; v′)¡=3 and
f′(v′) = f(x′) with d(v′; x′) = d(v′; X ) we have d(f′(v); f′(v′)) = d(f(x); f(x′))¡
since d(x; x′) ≤ d(x; v) + d(v; v′) + d(v′; x′)¡ 3=3= . Hence, f′ is -continuous and,
obviously, extends f.
Consider now an n ∈ N such that Xm⊂V for every m ≥ n and such that the
maps pm :X → Xm⊂X ∗ and i :X ,→ X ∗ are so close that they are connected by a
=3-continuous homotopy in V (=3 satis@es that if v and v′ are =3-close then f′(v)
and f′(v′) are -close). De@ne now g :Xn → Y by g = f′|Xn . Then gpn and f are
-homotopic. This proves the @rst half of the theorem.
To prove the remaining part, consider two -continuous maps g; h :Xn → Y such that
gpn and hpn are -homotopic. Let H :X × I → Y be an -homotopy connecting them
and extend H to a map
H ′ : (X ∗n × {0}) ∪ (X ∗n × {1}) ∪ (X × I)→ Y;
where X ∗n =
⋃
m≥n Xm, by de@ning H
′|Xm×{0}= gpmn ; H ′|Xm×{1}= hpmn and H ′|X×I =H .
Then H ′ is -continuous and can be extended to an -continuous map de@ned on a
neighborhood V of (X ∗n × {0}) ∪ (X ∗n × {1}) ∪ (X × I) in X ∗ × I . This neighborhood
contains Xm × I for some m ≥ n and, as a consequence, we get by restriction an
-homotopy connecting gpmn and hp
m
n . This completes the proof of the theorem.
Let X = (Xn; pmn ) be an inverse sequence of compact metric spaces and X = lim← X .
Let NHq(X ) = lim← (H
∗
q (Xn); (p
m
n )
∗) and consider for every n ∈ N the homomorphism
p∗n :H
∗
q (X )→ H∗q (Xn) (where pn :X → Xn is the natural projection). Let 9 :H∗q (X )→
NHq(X ) be the induced homomorphism. We are now in a position to establish the
following result.
Theorem 3. 9 is an isomorphism.
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Proof. Let ∗ ∈ H∗q (X ); ∗ = ([])∈R+ . Suppose that 9(∗) = 0 and let ¿ 0 be
given. By Theorem 2, there exist an n ∈ N and q :Xn → X-continuous such that qpn
is -homotopic to iX . Then q induces a homomorphism q˜ :H∗q (Xn)→ Hq(X ) such that
H∗q (X )
p∗n→H∗q (Xn)
q˜→Hq(X )
is the natural projection. Since p∗n (
∗) = 0 we conclude that [] = 0. Hence, ∗ = 0
and 9 is a monomorphism.
Consider now N ∈ NHq(X ); N= (∗n )n∈N; ∗n ∈ H∗q (Xn). If ¿ 0 consider, as before,
q :Xn → X -continuous with qpn -homotopic to iX . We de@ne [] = q˜(∗n ) ∈ Hq(X ).
It is easy to see that ∗ = ([])∈R+ ∈ H∗q (X ) and, by using Theorem 2, that ∗ does
not depend on the particular choices of n and q. To prove that 9(∗) = N consider
m ∈ N and ¿ 0. Take ¿ 0 such that -close points are mapped by pm to -close
points. Take n ∈ N; n ≥ m and q :Xn → X -continuous with qpn -homotopic to
iX . Since pmqpn is -homotopic to pm = pnmpn there exists r ≥ n such that pmqprn is
-homotopic to pnmp
r
n = p
r
m = ip
r
m (with i :Xm → Xm the identity). But
H∗q (Xr)
(p rm)
∗
−→ H∗q (Xm) i˜→Hq(X )
maps ∗r to the projection of 
∗
m in H

q(Xm). And
H∗q (Xr)
(p rn )
∗
−→ H∗q (Xn)
q˜→Hq (X )
p˜m−→Hq(Xm)
acts in the following way over ∗r :
∗r
(p rn )
∗
−→ ∗n
q˜−→ [] p˜m−→ p˜m([]);
where p˜m([]) is the projection of p
∗
m(
∗) in Hq(Xm). This proves that 
∗
m = p
∗
m(
∗)
and, hence, 9(∗) =  and 9 is surjective.
Corollary 1. For every compact metric space X there exists a natural isomorphism
 X between H∗q (X ) and the =Cech homology group =Hq(X ).
Proof. By [5], X can be represented as the inverse limit of a sequence of simplicial
complexes (Ln; pmn ). From the commutative diagram
NHq(X ) −→ · · · −→ H∗q (Ln+1)
(pn+1n )
∗
−→ H∗q (Ln) −→ · · ·
’X
  ’Ln+1 ’Ln
=Hq(X ) −→ · · · −→ Hq(Ln+1) −→
Hq(pn+1n )
Hq(Ln) −→ · · ·
we de@ne an isomorphism ’X : NHq(X ) → =Hq(X ). Now,  X is just the composition
’X9X . The naturality properties can be easily checked.
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5. A strong form of the continuity property
We shall present in the next proposition another continuity property stronger than
the preceding one, in the sense that it does not require to consider the limit groups H∗q
of the spaces Xn, being enough to consider the groups Hnq (Xn), for a certain sequence
{n} → 0, in order to obtain the group H∗q (X ) as an inverse limit.
Let X = lim← X , with X = (Xn; p
m
n ) an inverse sequence of compact metric spaces. A
null sequence {n} is compatible with X if
(a) diam(pn+1n (K))¡n for every K ⊂Xn+1 with diam(K) ≤ n+1, and
(b) for every ¿ 0 and every n ∈ N there exists an m ≥ n such that for every r ≥ m
and every subset K of Xr with diam(K) ≤ r we have that diam(prn(K))¡.
The existence of this kind of sequences can be proved using the uniform continuity of
the maps pmn .
Theorem 4. If {n} is compatible with X =(Xn; pmn ); then H∗q (X ) is isomorphic to the
inverse limit NNHq(X ) of the sequence (Hnq (Xn); p˜
m
n ).
Proof. The homomorphism N9 :H∗q (X )→ NNHq(X ) is induced by the sequence of homo-
morphisms p˜n :H
∗
q (X ) → Hnq (Xn). If N9(∗) = 0 and ¿ 0 is given, consider n ∈ N
and q :Xn → X -continuous such that qpn is -homotopic to iX . Pick a ¿ 0 such
that q maps -close points to -close points. Since {n} is compatible with X , there
exists an r ≥ n such that prn maps r-close points in Xr to -close points in Xn. Hence,
qpn = qprnpr and
H∗q (X )
p˜r→Hrq (Xr)
p˜ rn→Hq (Xn)
q˜→Hq(X )
is the natural projection. Since p˜r(
∗) = 0 we conclude that [] = 0 and hence ∗ =0
and N9 is a monomorphism.
The proof that N9 is surjective follows from a similar modi@cation of the same fact
in Theorem 3.
As an application of our strong continuity property we will prove a Vietoris-like
theorem for &Cech homology with less restrictive hypotheses than the classical Vietoris
theorem.
Theorem 5. Let X and Y be compact metric spaces; where X is de;ned as the inverse
limit of an inverse sequence X = (Xn; pmn ) of compacta. Let f :X → Y be a map;
de;ned as the limit of a sequence of surjective maps fn :Xn → Y such that fnpn+1n =
fn+1 for every n ∈ N. Let {n} be a null sequence compatible with X and suppose
that; for every y ∈ Y :
• the inverse system (Hnq (f−1n (y)); (p˜mn )∗) has trivial limit for every q¿ 0;
• the inverse system (Hn0 (f−1n (y)); (p˜mn )∗) has Z as limit.
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Then f induces an isomorphism between H∗q (X ) and H
∗
q (Y ); for every q.
Proof. Using the strong continuity property and the natural isomorphism between
H∗q (X ) and the &Cech homology group =Hq(X ) we easily deduce, for every y ∈ Y ,
that =H0(f−1(y)) = Z and =Hq(f−1(y)) = {0} for every q¿ 0, . Applying now the
classical Vietoris theorem for &Cech homology we deduce that f induces isomorphisms
between =Hq(X ) and =Hq(Y ). Therefore, H∗q (X ) and H
∗
q (Y ) are isomorphic.
6. An illustration
Let K be the Warsaw circle, given by the following @gure:
For simplicity in our discussion, we consider in R2 the metric given by the distance
d((x1; x2); (y1; y2)) = max{|y1 − x1|; |y2 − x2|}.
Consider two overlapping continua K1 and K2 whose union is K and whose inter-
section K0 is the part of the Warsaw circle contained in the shadowed part of the
following @gure:
i.e., K0 is the union of two (topological) segments AB and CD.
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The excision theorem shows that for  suSciently small Hn(K; K1) is isomorphic to
Hn(K2; K0) for all n. The calculation of the -homology of the nonpathological pair
(K2; K0) is essentially the same as for singular homology (using the ideas that we
discuss below) and we omit it. In particular, H1(K2; K0) = Z and is generated by the
homology class of an -simplex  : I = [0; 1] → K2 such that (0) = a ∈ AB and
(1)= b ∈ CD. The image of  is a @nite -net from a to b in K2. Since the inclusion
H1(K2; K0) → H1(K; K1) is an isomorphism, the generator of H1(K; K1) admits the
same representation.
We consider now the exact sequence
· · · → H1(K1)→ H1(K)→ H1(K; K1) @→H0(K1)→ H0(K):
We point out that although the discrete homology is only partially exact, we have full
exactness at the level of -homology.
The key point in the calculation of the -homology of K is the fact that the identity
i :K1 → K1 induces the same homomorphism Hn(K1)→ Hn(K1) as a constant map. To
see it, we can suppose that the diameter of the horizontal projection of K1 is less than
 (otherwise, there is an obvious deformation onto a subset of K1 with this property).
Then, the identity is -homotopic to the projection p of K1 onto the vertical segment
through a (non-continuous) homotopy that takes -close points to -close points. Such
an -homotopy is given by H :K1 × [0; 1]→ K1 de@ned as
H (x; t) =
{
x if 0 ≤ t ≤ 12 ;
p(x) if 12 ¡t ≤ 1:
Hence, the identity and p induce the same homomorphism Hn(K1) → Hn(K1). Now,
there exists a sequence p1; p2; : : : ; pk :K1 → K1 of maps such that p1 = p, pk is
a constant map, and pi and pi+1 are -homotopic through a homotopy that takes
-close points to -close points. Hence, all these maps induce the same homomorphism
Hn(K1)→ Hn(K1). Therefore, the identity i :K1 → K1 induces the same homomorphism
Hn(K1)→ Hn(K1) as a constant map.
It follows from this that Hn(K1) = 0 for n ≥ 1 and H0(K1) = Z. The group H0(K)
is trivially Z and is generated by the homology class of the same simplex that rep-
resents the generator of H0(K1). We deduce from this that H

0(K1) → H0(K) is an
isomorphism, hence H1(K) → H1(K; K1) = Z is also an isomorphism. A generator of
H1(K) is represented by a one-dimensional -cycle  whose relative homology class
generates H1(K; K1). Such a cycle can be de@ned as the sum +, where  : I → K1 is
an -simplex with (0)=b and (1)=a. Hence, the generator of H1(K) is represented
by a @nite closed -net. Observe that if ′¡, the generator of H
′
1 (K) is represented
by an ′-cycle ′ which is just a re@nement of . Hence, the generator of H∗1 (K) is
@nitely approximated by the cycles . The fact that the homology groups Hn(K) are
trivial for n¿ 1 is immediate from the exact sequence
· · · → Hn(K1)→ Hn(K)→ Hn(K; K1) @→Hn−1(K1)→ · · · :
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